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We study the Euler scheme for a stochastic differential equation 
driven by a Levy process Y. More precisely, we look at the asymptotic 
behavior of the normalized error process u n (X n — X), where X is the 
true solution and X n is its Euler approximation with stepsize 1/n, 
and tin is an appropriate rate going to infinity: if the normalized error 
processes converge, or are at least tight, we say that the sequence (u„) 
is a rate, which, in addition, is sharp when the limiting process (or 
processes) is not trivial. 

We suppose that Y has no Gaussian part (otherwise a rate is 
known to be u n = \/n). Then rates are given in terms of the concen- 
tration of the Levy measure of Y around and, further, we prove the 
convergence of the sequence u n (X n — X) to a nontrivial limit under 
some further assumptions, which cover all stable processes and a lot 
of other Levy processes whose Levy measure behave like a stable Levy 
measure near the origin. For example, when Y is a symmetric stable 
process with index a 6 (0, 2), a sharp rate is u n = (n/log n) 1 ^ a \ when 
Y is stable but not symmetric, the rate is again u„ = (n/logn) 1//ce 
when a > 1, but it becomes u n — n/(\ogn)' 2 if a — 1 and u n = n if 
a< 1. 



1. Introduction. We consider the following stochastic differential equa- 
tion (SDE): 

(1.1) X t = x + [ f(Xs-)dY s , 

Jo 

where / denotes a C 3 (three times differentiable) function and Y is a Levy 
process with characteristics (6, c, F) with respect to the truncation function 
h(x) =scl/| x i<n, that is, 

(1.2) E{e iuYt )=expt(iub-^- + J F(dx)(e iux - 1 - iuxt {lxl < l} )J . 
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We also suppose that / is such that (1.1) admits a (necessarily unique) 
nonexploding solution (this is the case, e.g., if / has at most linear growth). 

A number of papers have been devoted to studying the rate of convergence 
of the Euler scheme for this equation. That is, the approximated solution 
is defined at the times i/n, by induction on the integer i, according to the 
formula 

(1.3) Xq=Xq, X i/ n =X (i-i)/n+ f( X (i-l)/n)( Y i/n- Y (i-l)/n)- 

This scheme allows for numerical computations, using Monte Carlo tech- 
niques, provided one can simulate the increments Yt — Y s of the Levy process 
Y: A first problem consists in computing an approximation of the expected 
value E(h(Xi)) for smooth enough functions h, and we need to evaluate the 
error a n {h) = E(h(Xf)) — E(h(X±)). A second problem is to compute an 
approximation of the law of some functional of the path, like, for example, 
sup t<1 At, an d for this we need to evaluate the (discretized) error process, 
which is defined as 

( L4 ) U t ' = X [nt]/n- X [nt]/n- 

Problem 1 has been extensively studied when Y is continuous (i.e., F = 
0) and c > 0: we can quote, with increasing order of generality as to the 
smoothness of / and h, the works of Talay and Tubaro (1990) and Bally and 
Talay (1996a, b), where it is proved that a n (h) is of order 1/n and where an 
expansion of a n (h) as increasing powers of 1/n is even exhibited. In Protter 
and Talay (1997) the same problem is studied for discontinuous Y, but they 
only prove that a n (h) = 0(l/n); see also a forthcoming paper by Kohatsu- 
Hida and Yoshida (2001) for an equation driven by a Wiener process plus a 
Poisson random measure. The techniques are essentially analytical. 

For problem 2 one uses stochastic calculus techniques, and the idea is to 
find a rate u n , that is, a sequence going to oo such that the sequence (u n U n ) 
is tight; the rate is called sharp if further the sequence (u n U n ) admits some 
limiting processes that are not identically 0. Even better is the case when 
the whole sequence (u n U n ) converges to a nondegenerate limit. In Jacod 
and Protter (1998) we have proved the following (more precise results are 
recalled below): 

1. If c> 0, then a sharp rate is u n = y/n, and the sequence (y/nU n ) converges 
in law to a nondegenerate limit. 

2. If c = and F is a finite measure, hence, Y is a compound Poisson process 
plus a drift, then a sharp rate is u n = n if the drift b is not 0; when 6 = 0, 
the rate is "infinite," meaning that for any t, we have U™ = for all s < t 
for n large enough. 

3. If c = and F is an infinite measure, then a rate is u n = y/n, but this 
rate is not sharp in the sense that (y/nU n ) goes in law to 0. 
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Although the implicit assumption that the increments of Y can be simu- 
lated is somewhat unrealistic except in particular situations, which, however, 
include the case where Y is a stable process, finding the exact rate of con- 
vergence is at least of much theoretical importance. Here we aim to find 
sharp rates for problem 2, when c = and F(R) = oo. The crucial factor is 
the behavior of the Levy measure F near (i.e., how many "small jumps" 
we have), which will be expressed through the following functions on M + : 

0+(P)=F((J3,oo)), 

(1.5) 

(f3) = F((-oc, -/?)), 9((3) = e+{p) + 9_((3). 

We introduce several assumptions, in which a denotes our basic index; 
here and below C denotes a constant which may change from line to line, 
and may depend on F just here, and also on b and / further below: 

Hypothesis (Hl-a). We have 9((3) < & for all (3 e (0, 1]. 

Hypothesis (H2-a). We have f3 a 9 + ((3) -> 9+ and (3 a 9^((3) 6L as 
(3 — > for some constants 0+,0- > 0, and further, 9 := 9 + + 9- > 0. We 
also set 6' = 9 + — 0_, and we observe that 9(13) ~ as (3 — > 0. 

Hypothesis (H3). The measure F is symmetrical about 0. 



Hypothesis (H4). We have b = 0. 



Note that Hypothesis (H2-a) ^> Hypothesis (Hl-a), and that Hypothesis (Hl-2) 
always holds because F integrates x i— ► \x\ 2 A 1, and Hypothesis (Hl-0) [i.e., 
(Hl-a) for a = 0] holds iff the measure F is finite, a case which we exclude. 
Under Hypothesis (H3) we have Hypothesis (H2-a) as soon as 9((3) 
(3^0, and 9+ = 9^ =9/2. 

Unfortunately, we cannot totally fulfill our aim. But we find rates u n that 
are bigger than y/n. And we prove that these rates are sharp and even that 
u n U n converges in some reasonably general circumstances. Let us single out 
five different cases: 

Case 1. We have Hypothesis (Hl-a) for some a > 1; then u n = (j^^) 1 ^ : - 
Case 2a. We have Hypothesis (Hl-a) for a = 1; then u n = n ™ n yi ■ 
Case 2b. We have Hypothesis (Hl-a) for a = 1 and Hypothesis (H3); 

then Un = ~-i — ~ — . 

" log n 

Case 3a. We have Hypothesis (Hl-a) for some a < 1; then u n = n. 
Case 3b. We have Hypothesis (Hl-a) for some a < 1 and Hypotheses 
(H3)and (H4); then Un = (^-) 1 l a . 
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Clearly, Hypothesis (Hl-a) =>• Hypothesis (Hl-a') if a < a' , while the 
rate is better (i.e., bigger) when a decreases: one should take the smallest 
possible a for which Hypothesis (Hl-a) holds, although, of course, there 
might not be such a minimal a. Observe also that the rate in Case 2b (resp. 
3b) is strictly bigger than in Case 2a (resp. 3a): the symmetry of the driving 
process improves the quality of the Euler scheme under Hypothesis (Hl-a) 
when a < 1, while it does not affect the rate when a > 1. 

Now we describe the results of this paper. The first one concerns tightness 
[the assumption of / is always that it is C 3 and that (1.1) has a nonexploding 
solution; this is not repeated in the next theorems]. 

Theorem 1.1. Assume that c = and that Hypothesis (Hl-a) holds for 
some a€ (0,2). Then, with the above choice of u n , the sequence (u n U n ), is 
tight. 

The results about limits necessitate the stronger Hypothesis (H2-a) in- 
stead of Hypothesis (Hl-a), except in Case 3a; in all cases except 2a, the 
description of the limit invloves another process or additional random vari- 
ables which are independent of Y, so we might need to enlarge the proba- 
bility space to accomodate these. 

Below, Y stands for the discretized process associated with Y, that is, 

*t = Y[nt]/n- 

Theorem 1.2. Assume that c = and that Hypothesis (Hl-a) holds for 
some a £ (0, 2) . Then in the following cases and with u n as above, the se- 
quence (Y ,u n U n ) converges in law (for the Skorokhod topology) to (Y,U), 
where U is the unique solution U of the linear equation 



where V is another Levy process, independent ofY and characterized by 



(1.6) 




and where the process W may be described as follows: 

(a) In Case 1, and if further Hypothesis (H2-a) holds, then 



(1.7) 




(1.8) 




1 



tux 



1 — iux) dx 



x 



l+a 



X 



(hence, V is a stable process with index a). 
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(b) In Case 2a, and if further Hypothesis (H2-a) holds for a = 1, then 

(1-9) W t = - (g+ ~ g ~ )2 /(X S _)/'(X S _) (is, 

and we even /iai>e t/iai u n U n converges to U in probability (locally uniformly 
in time). 

(c) In Cases 2b and 3b, and if further Hypothesis (H2-a) holds, then we 
have (1.7), where V is another Levy process, independent ofY and charac- 
terized by 

(1.10) E (e i ^)=exptJ^-^(e i ^-l-iuxl {lxm )dx 

(hence, V is a symmetric stable process with index a). 

(d) In Case 3a, then 

W t = d J2 (If&R*) - f(XR n -)]tn + f , (X Rn -)AX Rn (l-£ n )) 

n : R n <t 

(1.11) 

+ ^ f f(X s .)f'(X s .)ds, 
2 Jo 

where d = b — f^ <1 yxF(dx) and (£ n )n>i a sequence of i.i.d. variables, 
uniform on [0,1] and independent ofY, and (R n )n>i is an enumeration of 
the jump times ofY (or of X). 

Remark 1.1. For comparison with the cases excluded here and studied 
in Jacod and Protter (1998), let us mention that if c = and F is a finite 
measure [i.e., Hypothesis (Hl-0) holds^, then Theorem 1.2(d) holds without 
change. When c > 0, the sequence (Y ,T/nU n ) converges in law to (Y, U), 
where U solves (1.6) with 

W t = V~c £ ([f(X R J-f(X R ^)]^K n + f(X Rn .)AX Rn Vr^K' n ) 

n : -R n <i 

+ ^=Jj(X s „)f'(X s _)dB s 

and where B is a standard Brownian motion, and £ n is uniform over [0, 1], 
and K n and standard normal variables, all these being independent 

one from the other and from Y as well. 

Remark 1.2. When 9 + = 6L [e.g., under Hypothesis (H3)] then (1.8) and (1.10) 
agree (but, of course, for different values of a). In Theorem 1.2(b) [resp. (d)], 
if 9' = 9 + — Q- = (resp. d = 0), the limiting process U is identically 0. So 
these results are interesting only when 9' ^ (resp. d ^ 0), implying that Y 
is dissymmetric, and otherwise the rate is not sharp. 
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Remark 1.3. It would be possible, at the price of even more compli- 
cated computations, to accomodate other forms for Hypothesis (H2-a): for 
example, if 9 + {j3) and 0-(f3) are of order /3 _Q (log^) 7 as — ► for some 
a £ (0, 2) and 7 G M. On the contrary, it seems rather difficult to express the 
rates u n directly in terms of the two functions 6+(f3) and 8 '-(/3). 

Remark 1.4. In Theorem 1.2(b) we have convergence in probability, 
so there ought to be an associated "central limit theorem." This suggests 
that we can improve the Euler scheme and simultaneously improve the rate, 
which is, indeed, the case: assume that Hypothesis (Hl-a) holds for a = 1. 
Then replace the Euler scheme of (1.3) by a modified Euler scheme X' n 
constructed as follows: 

A =X , 

(1.12) Xq n = X^_ x y n + f(X'^_ 1 y n )(Y i / n - Y(i_l)/ n ) 

- f( X {i-l)/n)f'( X (i-l)/nhn, 

where 

(1.13) 7n = ^/ xF(dx) [ yF{dy). 

ATI* J{logn/n<|a;|<l} 7{logn/(n|x|)<j/<l} 

Denote by U' n the associated error process, that is, U' t n = X!™ t ,, — X[ nt y n . 
Then one can show that the sequence (u' n U' n ) is tight with u' n = n/logn. If 
further Hypothesis (H2-a) holds with a = 1, then it is quite likely (although 
we have not proved it) that this sequence even converges in law to a nontriv- 
ial limiting process. The improvement in the rate, going from n/(logn) 2 to 
n/logn, is, of course, negligible in practice [not to speak about the fact that 
actually computing 7 n in (1.13) might be a difficult task], so these results 
will not be proved below. Observe also that when further Hypothesis (H3) 
holds, then 7 n above vanishes, so X' n = X n and we recover Theorem 1.1 in 
Case 2b. 

Remark 1.5. We will introduce below — and use in a crucial way — a con- 
dition called (UT) [or sometimes (P-UT), for "predictably uniformly tight"] 
on a sequence of processes. Then one easily deduces from the proof of The- 
orem 1.1 that the sequence (u n U n ) satisfies the (UT) property, in addition 
to being tight. 

Remark 1.6. Let us say a word about our assumption that / is C 3 : it 
is fully used here for Case 1 only. For Cases 2 and 3 [statements (b)-(d) of 
Theorem 1.2 it is enough that / be C 2 , and an application of Theorem 3.5 
of Kurtz and Protter (1991a, b), plus some scaling property, would give that 
the results hold as soon as / is C , when Y is a symmetric stable process. 
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Finally, let us mention that, for the sake of notational simplicity, we have 
considered only the one-dimensional case, but everything goes through in 
the multi-dimensional CclSG ELS well, with exactly the same proofs. 

The paper is organized as follows: in Section 2 we present a number of 
general tools connected with Euler approximations and limit theorem. More 
specific tools are developped in Section 3, while the heart of the proof (a 
long string of inequalities, extremely technical) is given in Section 4. The 
proofs of the two preceding theorems are given in Section 5. 

2. Some general tools. Throughout all the paper, we suppose that c = 
and at least that Hypothesis (Hl-a) holds for some a G (0,2). Recall also 
that / is C 3 and (1.1) has a nonexploding solution. 

2.1. A condition for convergence of Euler schemes. Let us write Y' = 
f(X).We have 

H ri/n 

Ur = E (f( X (i-l)/n) - /(*(*-!)/«)) dY s 




Recalling Y t = Y[ nt y n and setting accordingly X = X\ nt y n and 

l nt ] ri/n 

(2.1) W? = £/ (Y^-Y( t _ 1)/n )dY s , 
we obtain 

(2.2) ur = f (f(x:_ + u?_) - f(x:_)) dY n s - w?. 

Jo 

Observe that the sequence (Y n ,X n ) converges pointwise to (Y, X) for 
the Skorohod topology. We can say more, and for this we recall the property 
(UT) defined in Jakubowski, Memin and Pages (1989) [see also Jacod and 
Shiryaev (2003), Chapter VI.6, where it is called (P-UT)]. Let Z n be a 
sequence of semimartingale, with the canonical decompositions 

(2.3) 2% = Ar + M^ a + AZ«l { | AZ? | >a}j 

s<t 

where a > and A n,a is a predictable process with locally bounded variation 
and M n ' a is a (locally bounded) local martingale. Then we say that the 
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sequence (Z n ) satisfies (UT) if for any t < oo, the sequence of real-valued 
random variables 

V a r(A n ' a )t + (M n ' a , M n ' a ) t + £ \AZ2\l { \ AZ n ]>a} 

s<t 

is tight. This property does not depend on the choice of a E (0, oo). 

The following lemma applies, in particular, when T n = Y because then 
r™ = Y\. Its setting is as follows: we have a triangular array of rowwise i.i.d. 
d-dimensional random variables (J 1 , « = 1,2,..., and we set = X}I=i Cf • 

Lemma 2.1. If T" converges in law to a limit U , then there is a d- 
dimensional Levy process T such that T± = U; this process is unique in law 
and T n converges in law to T (for the Skorokhod topology). Further, the 
sequence (T n ) has (UT). 

Proof. The first claims are all well known [see, e.g., Jacod and Shiryaev 
(2003), Chapter VII. 3. 6], and only the last one needs proving. Since the (UT) 
property holds for a multi-dimensional sequence iff it holds separately for 
the sequence of each component, for the last claim we may assume w.l.o.g. 
that the variables are one-dimensional. Let (b, c, F) be the characteristics of 
the Levy process T, and take a > 1 such that F({x : |x| = a}) = F({x : \x\ = 
-a}) = 0. Set b n = E(Ql {lcma} ) and c n = E((Q) 2 l {Kma} ) - b 2 n and 7n = 
PflCTI > a )> f° r all a G -D we have, by virtue of Jacod and Shiryaev (2003), 

6+ / xF(dx), 

J{K\x\<a} 



I x 2 F(dx), nj n — > F(x : \x\ > a). 

{\x\<a} 

Writing (2.3) for T n gives A^' a = b n [nt] and (M n ' a , M n ' a ) t = c n [nt\. Set fur- 
ther V t n ' a = J2 s <t |Ar™|l { | Ar? | >a} and V/ n,a = J2 s <t l{|Ar ? |>a} and Hf = 
su Ps < t |r™|. Then (2.4) yields that the sequences (A^ a ) n , ((M n > a ,M n > a ) t ) n 
and (V^ n ' a ) n are tight (for the later, note that E(yl n,a ) < [rat]7 n ), and the 
convergence in law r n — > T yields the tightness of the sequence (H™) n for 
all t. Since 

Vt < H?Vp a , the result is obvious. □ 

Using (2.2) and Lemma 2.1 and the fact that (Y n ,X n ) converges to 
(Y,X), as mentioned earlier, and following the proof of Theorem 3.2 of 
Jacod and Protter (1998), which itself is based upon Kurtz and Protter 
(1991b, 1996) [see also Slomihski (1989) and Memin and Slomihski (1991)], 
we readily obtain the following: 



(2.4) 



nb n 



nc r , 
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Theorem 2.2. Let (u n ) be a sequence of reals increasing to +00, such 
that the sequence (Y ,u n W n ) converges to a limit (Y,W) in law, where W 
is possibly defined on an extension of the original probability space (resp. in 
probability, with W given on the original space). Then the sequence (Y n ,u n U n ) 
converges in law (resp. in probability) to (Y,U), where U is the unique so- 
lution U of the following equation: 



Up to taking subsequences, we deduce the following: 

Corollary 2.3. Let (u n ) be a sequence of reals increasing to +00, such 
that the sequence [Y ,u n W n ) is tight. Then the sequence (u n U n ) is also 
tight. 

2.2. Localization. In order to avoid a lot of technical problems, we will 
"localize" it in the sense of the following proposition: 

Proposition 2.4. Suppose that either Theorem 1.1 or 1.2 holds for 
all Levy processes Y satisfying the relevant assumptions and having further 
bounded jumps, and for all C 3 functions f with compact support. Then these 
theorems also hold for a Levy process Y with unbounded jumps and a C 3 
function f with noncompact support. 

Proof. We start with a Levy process Y satisfying the assumptions of 
one of our theorems and with a C 3 function /. We call W the limit of u n W n 
in case of Theorem 1.2. 

For p S N* we consider the new Levy process Y(p) t = Y t — ^2 s<t /SY s t^^Y a \>p}^ 
and a C 3 function /„ with compact support, satisfying f p (x) = f(x) for 
\x\ <p. Finally, we associate with Y(p) and f p the same terms with Y and 
/, writing, in particular X(p), Y(p) n , U(p) n instead of X, Y n , U n . 

Observe that Y(p) satisfies the same Hypotheses (Hl-a) or (H2-a) or (H3) 
or (H4) than Y, and the numbers 9 + and 9- in Hypothesis (H2-a) or d in 
Theorem 1.2(d) are the same for Y and each Y(p). So our hypothesis yields 
in case of Theorem 1.1 that for each p the sequence (u n U(p) n ) is tight. 
For Theorem 1.2 it yields that for each p the sequence (Y(p) n ,u n U(p) n ) 
converges to (Y(p), U(p)), where U(p) satisfies (1.6) relative to some process 
W(p): for (a) or (c) this process is given by (1.7) with V(p) = V independent 
of p and with X(p); for (b) it is given by (1.9) with X(p); for (d) we have to 
be more careful: for each q £ N*, we denote by (R(q) n )n>i an enumeration 
of all jump times of Y with size in (q — l,q], and let (£(q) n )n,q>i be a double 
sequence of i.i.d. variables uniform over [0, 1] and independent of Y; then 



(2.5) 
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W(p) can be taken to be the process denned by (1.11), where the summation 
in the first term extends to all R(q) n and £(q) n for q < p and X is replaced 
by X[p)\ similarly, for W we can take W = W(oo), with the process X. 

Set S p = in£(t:\X t \ > p o^_\AY t \_> p). We have Y = Y(p), hence, X = 
X(p) and U n = U(p) n and Y n = Y(p) n , on the interval [0,S p ); in case of 
Theorem 1.2, we also have W = W(p), hence, U = U(p) as well, on the 
interval [0, S p ). 

Let us first consider the case of Theorem 1.1. For any e > and t > 0, 
there is a p such that P(S P < t) < e, and a compact set if in the Skorokhod 
space B([0,oo),M) which depends on the sample path only up to time t and 
such that P(u n U(p) n <£K)<e. Since U = U(p) on [0, S p ), we have {u n U n £ 
K,S P >t} = {u n U(p) n iK,S p > t}, hence, P(u n U n <£ K) < 2e, and this 
proves the tightness of the sequence (u n U n ). 

Let us next consider the case of Theorem 1.2. For any continuous bounded 
function $t on the Skorokhod space B([0,oo),M 2 ) which depends on the 
sample path only up to time t, we have 

\E(^Y n ,u n U n )) - E(^ t (Y(p) n ,u n U(p) n ))\ <2\\^ t \\P(S p <t), 

\E($ t (Y, U)) - E(* t {Y(p), U(p)))\ < 2\\$ t \\P(S P < t). 

Since P(S p <t) -> and since E($ t {(Y{p) n , u n U{p) n )) -> E(<S> t {(Y{p), U(p)) 
for every t asp^ oo, we get E(§ t {{ Y ™, u n U n )) E(& t ({Y(p),U(p)), hence, 
the result for the convergence in law. For the convergence in measure in 
Theorem 1.2(b), the proof is similar. □ 

2.3. Some limit theorems. In a rather natural way, the solution to our 
problem goes through various limit theorem concerning sums of triangular 
arrays of the form 

[nt] 

(2.6) i?=x;cr, 

i=l 

where for each n we have IR^-valued random variables (Cn)«>i sucri that each 
£P is ^-"j/n-measurable. Below we give various conditions (very far from being 
optimal) insuring tightness or convergence of the sequence (r n ). 

First we introduce a set of conditions, where £ n , £' n , ^ y denote arbitrary 
finite constants: 

(2-7) i?(|CII^-l)/n)<|, 

\E{Q\F(i-i)/ n )\ < — , 

(2 ' 8) „ 2 I 

E (\(i \ \F(i-l)/n) < -f> 
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\ E (Ci^{\Q\<l}\^(i-l)/n)\ < ~ 



n 



( 2 -9) E(\Ci \ l{|cn<i}l-^(i-i)/n) - — > 

P(ia>!/|^-i)/ B )<- Vy>l. 

Note that (2.8) with £ n and £' n implies (2.9) with £ re = £ n + ^ and £,' n = ^ 
and = £,'n/y 2 ■ Also, (2.7) with £ n implies (2.9) with £ n = £' n = £ n and 
£,n,y = £,n/y- Observe also that if (2.9) holds, then the last inequality is true 
for y e (0, 1] as well, with = + ZJy 2 - 

Part (a) below is well known, and part (b) follows from Theorem VI. 5. 10 

of Jacod and Shiryaev (2003). By T n — > 0, we mean that sup s<t goes to 
in probability for all t. 

Lemma 2.5. (a) ForT n 4 0, it is enough that either (2.7) or (2.8) or (2.9) 
hold with 

(2.10) lim£„ = 0, lin< = 0, lim^ =0 Vy>l. 

(b) For the sequence (T n ) to be tight for the Skorokhod topology, it is 
enough that the sequence of each of the d components of Qf satisfies either 
(2.7) or (2.8) or (2.9) with 

limsup^ n < oo, limsup^<oo, 

(2.11) 

lim sup < oo , lim lim sup £ ' = 0. 

n y\co n 

The conditions in Lemma 2.5 can be substituted with conditions on the 
following conditional characteristic functions: 

Lemma 2.6. Suppose that one can find constants £,'" v such that 
(2.12) sup \l-E(e^\F {l _ 1)/n )\<^, 

u : \u\<v " 

then (2.9) holds with £ n = £' n = C^'i and & >y = C^ 1/y . 

Proof. It is enough to consider the one-dimensional case d = 1. We 
use known facts about characteristic functions, which readily pass to "con- 
ditional" characteristic functions. We have [see, e.g., (2) in the proof of 
Lemma VII. 2. 16 of Jacod and Shiryaev (2003)] 

E{\w£\ 2 A l|^_i)/ n ) < C [ |1 - E{e^\F {l _ 1)/n )\ du < -C, w - 

J{\u\<w} Tl 
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This readily gives (2.9) with = and ^ y = CQ l/y . We also have the 

estimate |a:i{|a;|<i} — sinx| < x 2 A 1, hence, 

|£7(cr^{icri<i>I^Ci-i)/")l < |i - ^(e^ri^^/^i -h^dc-p A iij^^^), 

and (2.9) holds with £ n = C$£ v □ 

Lemma 2.7. In i/ie previous setting, suppose that we have (2.9) with £ n , 
^ and and C^, and assume that £, n /n — > 0. T/ien i/ie variables Q 1 ™ = 
C" — -^(Cfl^n^i}!^-!)/^) satisfy (2.9) mi/i, /or a// n Zarge enough, 

(2.i3) e»=6g jl/2 , e;=4^+8^ il+ ^, c=a iV _ 1/3 . 

PROOF. Set a™ = £?(C 1 {|CT»|<i}^ r (i-i)/n)- We have \af\ < £ n /ra, so e n = 
supj |a"| — ► and, up to taking n large enough, we can assume that e n < 1/2. 
Then 

y >i {|Cfl>y}c{|cri>(y-i/2)}, 
(C) 2 i{icfi<i} < 4 ((C) 2 i{|cf i<i} + 4 + 21 {icri>i})' 
|Ci n i{| C f|<i} - (Ci{ic™i<i} - a 7)\ < 3 ( 1 {icri>i} + 1 {icn>i})' 

The result is then obvious. □ 

Finally, we will often encounter the following situation, in connection with 
our basic process Y: we have a pair (Z n ,T n ) of (possibly multi-dimensional) 
processes of the form 

[rat] [nt] 

(2-14) ^f = £C r? = E<T- 

i=l i=l 

Further, we have 

(2.15) C n = g(x (l - 1)/n )C n , 

and for each n the sequence (n",^ n ),i = 1,2,..., is i.i.d. We set = 
2^i=i Si • 

Assume also that Z n converges in probability (for the Skorokhod topol- 
ogy) to a limit Z of the form Zt = Yt + at for some constant a. Then, com- 
bining Lemma 2.1 with a fundamental property of convergent sequences of 
processes having (UT), we get the following: 
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Lemma 2.8. In the previous setting, suppose that the pair (Z{ l ,r" 1 n ) of 
random variables converges in law to (Zi,j') with 7' a random variable in- 
dependent of Z\, and that g is a continuous function. Then there is a Levy 
process V , independent of Y and unique in law, such that the processes 
(Z n ,T n ,T' n ) converge in law to {Z,T,T'), where Y t = J* g(X s -) dT' s . If fur- 
ther 7' is a constant, then we get T t = g(X s _)j' ds, and the convergence 
of (Z n ,T n ,T' n ) takes place in probability. 

Proof. Lemma 2.1 yields the convergence in law of (Z n ,T' n ) to some 
Levy process (Z',T') which is unique in law, and the independence of the 
variables Z\ and 7' implies the independence of the processes Z and V . 
Further, since Z[ = Z\ in distribution, then the laws of Z and Z' are the 
same: so we can realize (Z' , V) with a first component Z' equal to the original 
process Z. And if further 7' is a constant, then obviously T' t = j't and the 
convergence of (Z n ,T' n ) to {Z, T') holds in probability. 

Finally, Lemma 2.1 also yields the (UT) property for (r /n ), and a funda- 
mental property of (UT) [Theorem VI. 6. 22 of Jacod and Shiryaev (2003)] 
gives the claim. 

□ 

3. Some preliminaries. As seen in Proposition 2.4, we can and will as- 
sume that / is C 3 with compact support, and that | AY| < p identically for 
some integer p > 1, which amounts to saying that 9{p) = 0. 



3.1. About the Levy measure. The following quantities, where (3 > 0, will 
be of interest: 



(3-1) 



c(P 

P+(P 

6(P 
d'{[3 



{M</3} 



\x\ 2 F{dx) 
\x\F(dx), 
\x\ a F(dx), 

{x>/3} 

d + ((3) + d.((3), 
d + (P)-d.(f3), 

b'-d'(P). 



d-(/3) 


= / \x\F[dx), 








= f \x\ a F(dx 




J{x<-/3} 


P(P)-- 


= P+ (J3)+p-(P), 


b'- 


= b+ xF(dx 




J{\x\>l} 



Note that d(f3) = b — ftp^^n xF(dx) if (3 < 1. We will now give some 
estimates on these quantities. First, observe that, for all < a < b < 1 and 
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7 > 0, we have 

(3.2) / 

J{a<x<t 

and a similar relation on the negative side. Introduce also the notation 

( 1, if a < 1, 

if a = 1, 



8(/3) 



1 



a-l 



if a > 1. 



Then, since #(p) = 0, we readily deduce that under Hypothesis (Hl-a) we 
have 



c(/3)<C0 



2-a 



p((3)<C\ 0i 



(3.3) 



X 



a/2 



6(13) + \d(/3)\ + d+((3) + d_(/3) + \d'(f3)\ < Cs(f3). 



F(dx) < 



C 



Further, if a < 1, then d + ((3), d-((3) and (f(/3) converge as /? — > to some 
finite limits cf+, cL and d, and (i is as in Theorem 1.2(d). 
Under Hypothesis (H3) we also have 



(3.4) 



d'((3) = 0, \d((3)\<C, 



while under Hypotheses (H3) and (H4) we even have b = b' = d(0) = 0. 

Next suppose that Hypothesis (H2-a) holds. Taking advantage of (3.2), 
we obtain the following equivalences or convergences as (3 — > 0: 



c((3) 
P+(0) 



2-a 
a9 + , 



P-(P) 



(3.5) 



log(l//3) 

d+(P)^d+, 

d+((3) 
log(l//3) 

(3 a ~ 1 d + ((3) 



a — 1 



log(l//3) 
d-(0) -^d 
d-(J3) Q 



a6- 



log(l//3) 
f3 a ~ l d^((3) 



a9^ 
a — 1 



if a < 1, 
if a = 1, 

if a > 1. 



We will also need an estimate of the integral of x\ogx w.r.t. F when 
a = 1. For this we first observe that, analogously to (3.2), 

-6 



{a<x<b} 



(xlogx)F(dx) 



:i+logy)(e + (yVa)-e + (b))dy, 
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and a similar relation on the negative side. We then deduce that for every 
a > and as (5 — > 0, 



(3.6) Hypothesis (H2-1) 



(iog(W/- a " (Wlog|a;|)F(d:E) ""^- 



3.2. About the Levy process. Now we split the processes Y and Y' = 
f(X). We first recall that if [i is the jump measure of Y and v(ds,dx) = 
ds ® F(dx) is its predictable compensator, for each /3 > 0, we can write 
[recalling that c = 0; we denote by £7 * (fj, — v) the stochastic integral process 
of the predictable function U on Q x R + x R w.r.t. \i — z/] 

Y = A 13 + M 13 + /V 3 where 

(3.7) 

A? = d(p)t, M p = xl Mm *(fi-v), = xl {]xl>n *fi. 

Then M' 3 is a square- integrable martingale with predictable bracket (M' 3 , M@)t 
c(f3)t. Since |AY| < p, we have N p = and Y = AP + M p and 4f = We 
also have A\ = bt. 

Next, we set g = ff, which is a C 2 function with compact support. We 
have the decomposition 

(3.8) G(x, y) := f(x + yf{x)) - f{x) = yg(x) + y 2 k(x, y), 

with k a C 1 function which vanishes outside K x R for some compact subset 
K of R. 

Now we turn to the decomposition of the semimartingale V' = f{X). We 
introduce the notation 

b$ = g(X t -)d(0)+ [ F(dx)x 2 k(X t -,x). 

Then Ito's formula yields 

Y' = Y^ + A^ + M'P + N'P, 

where 

Af= folds, 



H 

JO 

M'P = G(X_,x)± {]x]m *(v-v), 
N'P = G(X-,x)l {]xl> p } *v. 

Observe that 
(3.9) |&f|<C(|d(/3)|) + c(^) 
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and 

(3.10) (M ,f3 ,M ,f3 ) t = J c^ s ds where c' Ptt < Cc(/3). 
We also set 

(3.11) y /3 = A /3 + M /3 , Y' 13 = A'? + M' p . 

3.3. A decomposition for W n . 1. The rates u n have been described in 
Section 1 to the case we are in. We will also choose a sequence (5 n going to 
in such a way that 

(3.12) An = ^^0. 

n 

We write c n = c((3 n ), d n = d(J) n ), d' n = d'(f3 n ), p n = p([3 n ) and S n = 6(/3 n ). 
The precise choice of j3 n is as follows (we repeat also the definition of u n for 
easier reading): 

Case I. n n = ( I ^) 1 /« a nd/3„ = ^. 

Case 2a. u n = and (3 n = ^ . 

Case 2b. u n = ^- and /3 n = ^ . 

Case 3a. u n = n and <3 n = ( log ") . 

Case 3b. u n = (^)^ a and /£ = (J^) 1 /". 

Taking advantage of the estimates of (3.3) we get the following: 

(logn) 2_a n"- 1 /! 2 ") 
Case 1. c n < C n{2 _ a)/{2a): \d n \ +5 n < ^ ) a _i> 

a <r 1 

n " nV2(logn)« 
Case 2a. c n <C , |d n | + 5 n < Clogn, A n < 



re logn 
(3.13) Case 2b. c n < C— |d n |<C', <5 n <Clogre, A n < 



7 — '<*, — - "it — o 7 It 1 7 

re log re 



(logn) 4 - 2 " . . 

Case 3a. c n < C t. , \d n \ + 5 n < C, 

n z a 

C 



n — „1-Q 



2a ' 



n 1 "(logn) 

/lognV 2- "^" C 

Case 3b. c n < C , d n = 0, 5 n < C, X n < . 

V n J logn 
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If, further, Hypothesis (H2-a) holds, we get (since d n = b' — d' n ) the following: 

a9 (logn) 2 - Q ^(logn)^ 1 off 



Case 1. c n 



2-an(HW „(a-l)/(2a) 

1 



Case 2a. 

(3.14) 



rW 2 (log n) a ' 

lOg n CZ^; 



n log n log n 



a6» (logn) 4 " : 
2 — a n 2 



Case 3a. c n ~ ^zt^ > ~~ * 



A? 



n i-Q(log n ) 2Q ' 

Case 2b, 3b. A n ~ . 

logn 

2. By virtue of Theorem 2.2 we have to prove the convergence of the 
processes ( Y , u n W n ) . Both Y t and u n W t n are the sums for i between 1 and 
[nt] of i.i.d. variables, say yf = Y^i n — Yn\\i n and wf, each one depending 
only on the increments of Y over the interval I(n,i) = ( t= ^, -], and for 
on the "truncation" at level f3 n . 

Each of these variables, yf and W™, will in turn be decomposed into small 
bits which are handled separately, and which we call Cf (i) f° r 3 between 1 
and 14! This is done in such a way that if 

[nt] 

r n (j)t = EC(j). 

i=l 

then 

12 

(3.15) F n = r n (i3) + r n (i4), u n w n = Y. Tn ti)- 

i=i 

In order to do this, we introduce a number of notations. First, denote by 
X' n ^ the unique solution over (^,00) of the equation dX' n ^ = f{X'y) dY^ 
starting at X^_iy n at time Then we set 

v n,i _ v f3 n -yP n v'n,i _ v t/3„ v '(3 n 

1 t - z t I t ~ I t J («-l)/n 



Mr = - Mgl 1)/ri , ^ = - A$_ 1)/n =d n [t 



n 

for t > - 



n 
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f™= sup \Y s n % M?= sup \M?>*\, Af= sup \A^\, 

s£l(n,i) s£l(n,i) s£/(n,i) 

X?= sup \X s -X (l _ 1)/n \, X[ n = sup iX'^-X'^yJ. 

s£l(n,i) s£/(n,i) 

Standard arguments, using (3.9) and (3.10) and also the boundedness of 
/ for X? and Xf , yield 

n 

r 2 -r 



tf(W)V(<-i)/») < <^ 

^((l") 2 |^-l)/n)<C 



c 2 + d 2 
n 



(3.16) jE(( y.«)2|^_ 1)/n) < c ^ + " 

i?((xr) 2 i^_ 1)/n )<^, 
mxr?\^ iyn )<c(^ + d f 2) . 

Let denote by T(n, i) p for p = 1, 2, . . . , the successive jump times of Y, 
after and of size bigger than or equal to /3 n . Let also K(n,i) be the 
(random) integer such that T{n,i)x{ n ,i) < £ < T(n,i) K ( n ^ + i. Then we set 
for t>(i — l)/n, 

V t n ' 1 = G(X^_ 1 y n ,x)t[^ >j3n yt^_ 1 y n> ^(s) * fl T ^ lM , 
y,n,i = N ,p n _ N ,p n 

Now, we can introduce the variables Cf 0) occuring in (3.15): 





= «n / 

JI(n,i) 


C(2) 


= U n g{X { i_iy n ) ( 


C(3) 


= u n / (F s _> 

i/(n,j) 


C(4) 


= ^n / 

J[T(n,i) 3 ,i/n] 


CT(5) 


= «n(0pQr(n,i)i- 


C(6) 


= Un^(^T(n,i)i-j 


C(7) 


= n n g(X (i _ 1)/n ) 



C'V7Vf"l {x(nil) >3 } , 



.// (ra,«) 
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C(8) = u n k{X {i _ 1)/n , AY TM JiAYr^ J 2 (M^ - M^), 
C(9) = w„5f(X (i _ 1)/n )Ay T(n;i)l M^l {K(nii) > 1} , 

Cf (10) = n n5 (X (i _ 1)/n ) / (A n s i + Ay T(n>0l l {A - (nji) > 1} ) dAf", 

J I(n,i) 

^"(11) = lin9(^(i-l)/n) Ai T(n,i)i Ai T(n,i) 2 1 {;f(n,i)>2}> 

Cf (12) = Mnfc(I ( ^ 1)/n , AF T(nii)l ) ( Ay T(nii)l ) 2 d n Q - T(n, l{x( n ,i)>i}, 
C?(13) = + ^ Ay T(n:i) ,l { K(n,i)>i}, 

i>2 

C(14) = — + Al^( ni j) 1 l{^( n) j)> 1 }. 

Then we deduce from (3.7) and from (2.1) (after some tedious calculations) 
that (3.15) holds. 

Finally, the following property will be used over and over again: 

Conditionally on F(i-\)/ n the variables (AY T ( n>i y)j->i, K(n,i),Y n >' 1 
(3.17) are independent; each Y T ^ n ,-^ has the law g ^ ^ F{dx)t^ x \ >/3n y, 
K(n,i) has a Poisson law with parameter X n . 

4. The key lemma. This section is devoted to proving the next lemma: 

Lemma 4.1. Assume that we are in one of the Cases 1, 2a, 2b, 3a or 
3b. 

(a) We have L n (j) — > if j = 1, . . . , 8, and also 

• f or j = 9 i n Cases 2a, 2b, 3a and 3b; 

• f or j = 10 in Cases 1, 2b and 3b; 

• f or j = 11 ^ n Cases 1 and 3a; 

• / or i = 12 in Cases 1, 2a, 2b and 3b; 

• / or j = 13 in Cases 1, 2b, 3a and 3b. 

(b) In the remaining cases, and for j = 9 (resp. j = 10, resp. j = 11, 
resp. j = 12, resp. j = 13, resp. j = 14), the sequences (C^TO")) satisfy (2.9) 
[resp. (2.8), resp. (2.9), resp. (2.7), resp. (2.8), resp. (2.8)], with (2.11). 

We will proceed through a large number of (very technical) steps. 

4.1. Step 1: auxiliary results. Let us first derive some easy consequences 
of Cauchy-Schwarz and Doob inequalities. We consider a locally square- 
integrable martingale N such that (N,N)t = f c s ds, where c is a bounded 
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process, and a constant 7, and also a bounded predictable process H, and 
fix n and i, and set for t > 



i-l 



Z t = f H.frds + dN.). 

J(i-i)/n 



'(i-l)/r 

Lemma 4.2. /n i/ie above setting, we have for t > i= —, 
(4.1) E(Z t \F {i _ 1)/n )=j [ E(H a \F (i _ 1)/n )ds, 

J (i—i)/n 



(4.2) 



£?f sup Z^T^i)/,^] <^\e( sup i? 4 2 ^(i_i)/„) 



+ -e( sup flf ct ^ r ( i _i)/ n V 



Next we consider integrals w.r.t. the random measure /i. Let W be a 
predictable function on $7 x R + x R, which is bounded on x R + x [— 
(recall that p is such that F charges only [— p, p] ) , and such that the process 



\W(s,x)\F(dx) 



is also bounded. We fix again n and i, and set for t > 



i-l 



W(s, x)fi(ds, dx). 



'(i-l)/n. 

Lemma 4.3. In the above setting, we have for t > t^—, 
(4.3) E(Z t \F {i _ 1)/n ) = f dsE( [ W(s,x)F(dx) F {i _ 1)/n ), 

J(i—l)/n \JR J 



(4.4) 



E[ sup Z$ 



(t-l)/n 



F(i-i)/n) <4^( SU P (fw(t,x)F(dx 

+ -e( sup [ W(t,x) 2 F(dx) ^ 1)/n ). 



Proof. We can write Z = Z + Z , where 

ft 



Z[ 



(i-l)/n 



W(s, x)v{ds, dx), Z" = Z t — Z' t . 
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Since v(ds,dx) = ds <8> F(dx) is the predictable compensator of /i, we have 
E(Zt\F(i-i)/ n ) = E(Z' t \ .F(j_i)/ n ), and (4.3) readily follows. We also get 

2 



E[ sup Z; 2 ^ (j „ 1)/n ") <\e( sup f / W(i,x)F(<fe 

\tel(n,i) J n \tel(n,i) \m 



t£l(n,i) 



(i-l)/n 



On the other hand, Z" is a square-integrable martingale with bracket (Z", Z" 
f(i-l)/n^ s /r^( s ' x ) 2 -^(^ x ) ano ^ thus, 



i£ ( sup Z t 



^(i-l)/n) ^ 4 ^_" )/n ^i?^W(t,x) 2 F(dx)|^„ 1)/n y 

Then (4.4) readily follows. □ 



In the next auxiliary result, we fix n and i and write for simplicity Tj = 
T(n, i)j and K = K(n, i). For some r > 2, let also i? r be a random variables 
satisfying 



(4.5) 



H r , K and Aly r are independent conditionally on F(i-i)/ r , 



r-l 

|i? r |<c ^|Ay T .|. 

Recall the notation (3.12) for A n . We also set v n (r) = e _A ™yf and = 
H r AYT r . The lemma below does not require any particular choice for the 
sequence (3 n . 

Lemma 4.4. Under Hypothesis (Hl-a) with a G (0,2) and (4.5), for all 
r' > r > 2 and y > 0, we /iawe i/ie following estimates, where the constant C 
below depends on Co in (4.5): 

(4.6) P(KJ^ | > = r'|^_ 1)/n ) < C } log ( - ) , 



(4.7) 



^((■Uni/rl"!^^'}!^-!)^) < Cr 



> <Vn(r') 



0n 



log 



1 



(4.8) E(|« n ^ r | 2 i { | ttB ^|< I , iJr=r , } |^ (i _ 1)/ri )<CrV- 



, log 



1 



(4.9) 
(4.10) 



£(|u n i^|l {x=r , } |:F (i _ 1)/n ) < Cr 



U n Vn{ r') 
0(Pn. 



2 



a > 1 



£(|u n i^|l{|u n i^|>y,^=r'}l^(i-i)/r 



c r2< !"j r !l bg 
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(4.11) 



a < 1 



E ( | u n H' r 1 1 { | Un H > r | < y ) ^ =r / } I JF( j _ 1 ) j n ) 



<C 



r 2 u"v n (r') 



l0g( S 



Proof. Recalling (3.17) and (4.5), we see that the left-hand side of (4.6) 
is smaller than 



<v n (/)p(\AY Tr \> 
_ v n (r ') 

~ m 

rv n (r') 



y 



(i-i)/t» 



rr I F(dx)p( r "£\AY Tj \>^- 
n) J{\x\>M \1H UnC °\ 



^WV/ F(dx)p(\AY Tl \> 

0{Pn) J{\x\>M V 

n> n (r') 



^(/3n) 2 ./{W>AJ 



(r - l)u n C |x 
F(dx)E[^J F(dz)l {lzl>y/{r _ 1)UnColxl} 
r 1+a uy n (r') , / 1 



[i-l)/n J 



(*-l)/n 



#(/?n)V 



where we have used Hypothesis (Hl-a) and (3.3). Hence, (4.6) holds. 
Second, 

<r 2^0 

and (4.7) follows from (3.3). 

Third, by (3.3) the left-hand side of (4.8) is 

= E((u n H r ) 2 \AY Tr \ 2 t{\ AYTr \<y/\u n H r \}^{K=r'}\F{i-l)/n) 

-E((u n H r ) 2 c( 



em 



\xi n H r 



{K=r>} 



(i-l)/n 



,2-a 



and (4.8) follows from (4.7). 

Next the left-hand side of (4.9) is smaller than Cu n (r - l)v n (r')(E(\AY Tl \)) 2 . 
But E(\AY Tl \) = ^hy, hence, (4.9). 

Next, suppose that a > 1. The left-hand side of (4.10) is 

= E(\u n H r \\AY Tr \t { \ A Y Tr \ >y /\ Un H r \}^{K=r'}\^(i-l)/n) 
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F [i-l)/n 



C 

- y ^ie(f3 n ) E ^ UnHr ^ 1 ^ K=r '^ :F ^i n) 

[use (3.3)], and (4.10) follows from (4.7). 

Finally, suppose that a < 1. The left-hand side of (4.11) is 

= E(\u n H r \\AY Tr \t { \ A Y Tr \<y/\ Un H r \}^{K=r'}\^(i-l)/r 

<Ey \u n H r \\AY Tr \ a , — \i_ a ^{K=r'} F{i-l)/n 



n ±± r\ 



,1-a 



~ #(/? ) E ^ UnHr \° L ' i -{K=r'}\^ r (i-l)/n) 

and (4.11) follows from (3.3) and (4.7). □ 

Now we proceed to proving Lemma 4.1, going step by step. 

4.2. Step 2: j = 1,2,3. First, from (3.8) and (3.11) we see that for t > 

i-l 
n > 

•trlriA i v \-w-n.i 
Y t ~ 9{ X (i-l)/nWt 

= [ H s (d n ds + dM^) + [ f W{s,x)fi{ds,dx), 

J(i-l)/n J(i-\)/n JU 

where H t = g(X t -) - g{X {i _ 1)/n ) and W(t,x) = x 2 k(X t -,x)l^ x ^ n y (with 
n and i fixed). Then since g is bounded with a bounded derivative and k is 
bounded over R x [— p,p], we deduce from (4.2) (with N = M 13 ") and (4.4), 
together with (3.16) and the fact that \H t \ < CX? for t G I(n,i), that 

rfn,i „l v \vn,i\2 



E[ sup (Y' s ^ - g{X {i _ l)/n )Y r s 

- s£l(n,i) 



F(i-i)/ n ) <Ca. 



i c n/3 n c n d n 

where a n = h + — 

n n z n A 



Now we have Y = M p + A p and Aj? = b't: we can apply once more Lemma 4.2 
(with N = M p ) to get (2.8) for Q (1) with £ n = and & = Cf*. Since 

£ n — > by (3.13), we obtain the result for j = 1 from Lemma 2.5. 

By (3.16) and Lemma 4.2 again, we have (2.8) for C^{2) with £ n = and 
£' n = Cu^c n {^ + ^), which goes to by (3.13): hence, the result for j = 2. 
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Next we have V'^ - V n ^ = U n ' 1 * fx [use (3.8)], where 
U n '\s,x) = (g(X s ^)l {s>T{nii)l} 

+ {g(X s -) - 9(^(i-l)/n))l{(i-l)/n<s<T(n,i)i}) 2; l{|z|>/3 n } 
+ (k(X s -,x)l {s>T ( nji ) l} 

+ (k(X s -,x) - fc(X(j_ 1 )/ n ,x))l{( i _ 1 )/ n<s < T ( n i ) 1 })2; 2 ]l{| :r | >/3n }. 

The fact that / is C 3 with compact support implies that \g(x) — g(x')\ < Cu 
and \k(x,y) — k(x' ,y)\ < Cu whenever \x — x'\ < u and y £ [— p,p]. Then if 
t € I(n, i), we have 

/ U n \t,x)F{dx) <C(|<| + l)(l Wn)i) > 1} +Xf), 



U n >*(t,xYF(dx) < C(l {K{n>i) > 1} + (X?Y). 

Then it follows from (3.16), (3.17) and from Lemma 4.3 that 
sup \E(V^-V s n > l \F {t _ 1)/n )\<Ca> n 

sdl(n,i) 



where a' n = -(1 + \d n \)(\ n + -^—) , 



E[ sup {V^ -VP'f 

. s£l(n,i) 



F(i-l)/n ) <Ca'n 



where a" = -(l + ^] ( \ n + - 

n \ n J \ n 

Recall that Y 13 " = M 13 " + A@ n and A^ n = d n t, so the above estimates and 
an application of Lemma 4.2 (with N = M^ n ) allow us to deduce that C™(3) 
satisfies (2.8) with £ n = Cu n \d n \a' n and £ n = Cu\cJ' n {c n + d 2 n jn). By (3.13) 
these go to 0, hence, the result for j = 3. 

4.3. Step 3: j = 4. In order to study we apply Lemma 4.4: we use 

the notation Tj and K of Step 1 and we set H r = Aly + • • • + AY^ and 

H' r = H r AYT r and H% = u n J2r=3 H'r ( an empty sum being set to 0). The 
key observation is then that 

C(4)=^V>3}- 
Observe that each H r satisfies (4.5), and recall (3.17). We will also use 
the easily proven fact that for any a,a' > and r G N, there is a constant 
C a ,a',r such that (recall that X n — ► 0) 



i oo 

(4.12) 0<A n <- y> n (*)a fc fc°' <C a ,a'.rA 
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In view of (4.6), we get for y > and k' > k > 3, 



P(\H^\>y,K = k'\^ 1)/n ) <J2P[WnK\ > YZ2> K = k ' 

r=3 ^ 

(4.13) 

^ fc 2+2 »<X(fc') / l \ 
Therefore, since A n = 9{f3 n )/n, we deduce from (4.12) and (4.13), 

oo 

P(IC(4)| > y|^ (i _i )/n ) = £ p d^'l > V> K = k\F {i -i)/n) 

k=3 

4.14 

Next, a simple computation shows that for k > 3, 
fc-l fc 
^r^-d^l^i} < X) 2 _ri {l#"l>l} +E 2fc+1 " r (n n ^) 2 l { | U)i ^/|< 2} . 

r=3 r=3 

Hence, we obtain, by virtue of (4.8) and (4.13), 
and by (4.12), 

oo 

£'(Cr(4) 2 l{| C n(4)|< 1 }|JP'( i _ 1 )/ n ) = ^-B(|-H'jfc| 2 l{|H; / |<l ) l<'=fc}l^ : (i-l)/n) 

fc=3 

4.15 

Next, for r > 2, we have H'Jl^jj^^y = X^=i l4-{v)i where 

t4(v) = H r-l 1 {\H' r '_ 1 \<y/2}: Mr(^) = ~ H r~l 1 {\H' r '_ 1 \<y/2,\H^\>y}^ 

f4(v) = H r 1 {\H' 1 !\<y,\H';_ 1 \>y/2}i Priv) = U n H 'A{\H^_ 1 \<y/2,\Hf.'\<y}- 

Inequality (4.13) yields, for k>r, 

E(\£(y) + £(y)\l { K=k}\r«-i)/n) < Cr^^^-y 1 -" log (£) . 

(4.16) 
Set also 

I u\ Q <5 2 , if a > 1. 
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Note that \fJ,f(y)\ < \u n H' r \t^ UnH ^< 3y/2 y, so (4.9) when a > 1 and (4.11) 
when a < 1 yield 

(4.18) k>r =► |E( Mr 4 (y)l {K=fc} |^_ 1)/n )| < Cr* U "^ip (1 + y 1 -"). 

Putting (4.16) and (4.18) together, and setting £, r ,k{y) = \E{H" i{\H' r !\< y ,K=k}\ 
F(i-l)/n)\, we S et for 3 < r < /c, 

feM < + o^*(i + (* + .o g (A 

Recalling that iJjf = 0> hence, ^2,fc(y) — 0, an induction gives 
and, thus, we obtain by (4.12), 

oo 

|-^(- ff K- i {|H^|<l,ii'>3}|-? : (i-l)/n)l < X^M^ 1 ) 

fc=3 

(4.19) 

CXD 

l^(#tfl(|i?£|<l,ir>4}l^(i-i)/ri)l ^ X^MjO-) 

fc=4 

£ 4("" +1 °<s)) A »- 

In Cases 2b and 3b, the symmetry property of AYt 3 and (3.17) and the fact 
that H'l = u n H 3 AY Ts yield that E(Hg t{\H»\<i,K=3}\F(i-i)/n) = 0; therefore, 
the above two inequalities yield, with X' n = \ n in Cases 2b and 3b and A^ = 1 
otherwise, 

(4.20) |i?(cr(4)l {|?r(4) |< 1} |^„ 1)/ J|<C'^^„ + log^)A„A;- 

Then we put together (4.14), (4.15) and (4.20): we see that Cf (4) satisfies 
(2.9) with 

Cu a ( ( 1 \ \ 

^ = ^f^ + log(^-jjAX, 

Using (3.13), we see that the above quantities go to as n — ► oo, hence, the 
result for j = 4. 
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4.4. Step 4: j = 5. Observe that |Cf(5)| < Cvjt? |AY T(nji)l AY T(n>i)a | 
l{A'(n,i)>2}- Then by (3.16) and (3.17), 

£(Ki (5)||^ (i _i )/n ) <Cli n — + -2 ^ n 



< 



#(/? n ) 2 \n n 2 J 

Cu n (c n /n + d 2 Jn 2 ) l/2 S 2 n 



n n 



E(Q (5) \^(i-l)/n) < Cu n ^ (- + -j j 



C it„ / c„ 

- 1 2 



n n \ n rr 

Hence, (2.8) holds with £ n = C^#(^ + $)V2 and & = C^f(f + §). 
These sequences go to by (3.13), hence, the result for j = 5. 

4.5. Step 5: j = 6. Set U? = u n AY 2 {ni)i \AY TinA2 \l {KM > 2} . As for the 
proof of (4.6), and using (3.17), we get, 

P(ur>y\^i-i)/ n ) 



(4.21) 



<c%p\AY* Ml \*Y T(nAa \> ^ 



II 



(<-!)/« 



< / F(dx) / F(dxO 

™ J{|x1>/3„} y{|x'|>l,/Mna: 2 } 

C r v a \r\ 2a v a 

< / F ( dx )b^L_ < C 

- n 2 J y a - n 2 y a 

because J \x\ 2a F(dx) < oo. Similarly, we have by (3.3), 

(4.22) < ^ / F(dx)\x\ ( x' 2 F(dx') 

n A J{\x\>M J{|x'|<i/V^R} 

si a/2 r si a /2 

^Cun f F(dx)\x\ a / 2 < LUn 



n 2 J{\x\>M n 2 Pn /2 ' 

Now we observe that \k{x,y)\ < Co for some constant Co > 0, hence, 
|Cf (6)| < C^Uf. Then if |Cf (6)| > y for some y > 0, we must have J7f > y/C ; 
also if |Cf (6)| < 1, then we have C™(6) 2 < |Cf (6)| < C £/f l {C7f < 1} + %«>!}. 
Then it readily follows from (4.21) and (4.22) that the sequence (CI 1 (6)) sat- 
isfies (2.9) with £ n = g n = %(u% + ) and ^ = ^g-. Those sequences all 
go to 0, hence, the result for j = 6. 
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4.6. Step 6: j = 7. We use again all the notation of Step 1, so that (since 
Y n ' 1 does not jump at times Tj) 

K 

Cf (7) = u n g{X {i _ l)/n ) J2 H k , where H k = Y^\ i/n AY Tk . 

k=2 

2 ^ /vn\2 AV 2 



On the one hand we have Hf, < (Y™) 2 AYf , so 



K 



k=2 

oo 



F {i-l)/n 



(4.23) < Cul5 n ^ %M I x 2 F{dx) 



^ 2 Q(Pn) J{\x\>fi n } 

<c ^\ n (- + d2n 



n \ n n 2 



because of (3.17), (3.16) and (4.12). On the other hand we can write 

E{Q(7)\T {i _ 1)/n ) 

oo 

= u n g{X^ i _ 1 y n ) ^2 E(AY Tk l{ Th <i/ n }Y^ l \J 7 ^_ 1 y n ) 

k=2 



k=2 



again by (3.17) and because Y n ' 1 is equal to a martingale plus d n {t — ^-). 
Therefore, 



mm\^-x)/n)\ <c^-e( f^\AY Tk 

n \k=2 



F (i-l)/n 



(4.24) =c uMf : Vr^}r ( 



S t> 7. n A n . 



So Cf (7) satisfies (2.8) with £ n = C M " |d f" A " and & = Cu 2 ^ + g)A n . 
Those sequences go to 0, hence, the result for j = 7. 

4.7. Step 7: j = 8,9. We have E(Q (8) |^ (i _i)/„) = £(Cf (9)|^-i) /„) = 
[use (3.17)], and also |C™(8)| + |Cf(9)| < Cu n \AY T{n>i)l \MT>- l {K[n>i) > 1} , hence, 
by (3.17) again and (3.16), 

£(C(8) 2 |^l)/n) + ^(C(9) 2 |^-l)/n) < ^\P(K > 1) < ° U " Cn 



2 
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Then (2.8) holds for j = 8 and j = 9, with £ n = and £' n = Cu^c n /n. Except 
in Case 1, we have £' n — ► 0: hence, the result for j = 8 and j = 9 if we are not 
in Case 1. 

It remains to study Case 1. For this we will use Lemma 2.6. We first cal- 
culate the conditional characteristic function 4> n ,i(v) = Eie™^^' |^7t-i)/n) 
and <j)' ni (v) = E{e ivC -i'^\!F{j i _iy n ). Recall that M n,% is a Levy process, inde- 
pendent of Fu_i)/ n and satisfying 

(4.25) E(e ivM "' Z ) = expi / (e ivy - 1 - ivy)F{dy). 

J{\x\</3„} 

Then, using (3.17) and the form of Cf (8) and Cf (9), we see that 

4>n,i{ V ) = e ~ Xn 

+ [ 1/n e - e ^ s ds j F ( dx)i? ( e »«^ 2fc ( x (-i)/«^( M r/:- M "' 1 )), 

Jo J{\x\>/3 n } 

M ( v ) = e ~ A » + l ~ e Xn f F(dx)E(e ivUn9 ( x V-V/^ xM ?' 1 ). 
n\ n J{\x\>p n } 

Observe that 1 - e" A " = J 1/n e~ 9 ^ s ds / {N>M F(dx). Then if 

7n >, x, y) = e i^k(x (i _ 1)/n ,x)y _ 1 _ ivUn ^k(X {i _ 1)/n ,x)y, 
1 — t f 
n J{\y\<M 
the change of variable t = ns gives 

(4.26) 4> n i(v) = 1 + - C e~ Xnt dt [ F(dx)(e z ^ x ' v ' t '> - 1). 

n Jo J{\*\>M 

In a similar way we obtain 

(4.27) = 1 + i^— / F{dx){e<^ - 1), 

nX n J{\x\>f3 n } 

where 

^{v,x,y) = j™ n g{x {i _ 1)/n)xy _ x _ ivUng{X(t _ 1)/n ) xy , 

z ni (x,v) = - f -y' ni (v,x,y)F(dy). 
n J{\y\<M 

Since g (resp. k) is bounded (resp. bounded on R x [— p,p]), we get 
\jn ti (v,x,y)\ < C(\vu n x 2 y\ A\vu n x 2 y\ 2 ) and \i ni (v,x,y)\ < C(\vu n x 2 y\ A \vu n x 2 
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whenever \x\ <p. But (3.3) yields 
(\uy\f\\uy\ 2 )F(dy) 

= \u\ [ \y\F(dy) + u 2 f y 2 F(dy) < C\u\ a . 

J{\y\>l/u} J{\V\<1M 

Therefore, \z n j(x,v,t)\ < ^\vu n x 2 \ a and \z' n ^(x,v)\ < ^-\vu n x\ a , provided 
t G [0, 1] and \x\ < p. In particular, the suprema of \z n> i\ and \z' n J over all t G 
[0, 1], i, x G [— p,p] and v G [—1, 1] go to as n — > oo and are thus uniformly- 
bounded in n as well. Therefore, in (4.26) and (4.27) the term e" — 1 is smaller 
than ^\vu n x 2 \ a and ^\vu n x\ a , respectively. Since m |x| 2a is F-integrable, 
and using also (3.3), we readily deduce 

- il < ^S^> WnM - 1| < 9 ^^t- 

II II fj n 

In other words, the sequences (Cf (8)) and (Cf (9)) satisfy (2.12) with, re- 
spectively, £™ v = Cv a u"/n and ^ v = Cv a u"{log 4^)/n. In the first case we 
have dn' v — ► for all v < 1; in the second case we have < CV*: then, 
combining Lemmas 2.6 and 2.5, we obtain the result for j = 8 and j = 9 in 
Case 1. 



4.8. Step 8: j = 10, 11, 12. First consider j = 10. We have 

Cf (10) = u n g(X {i _ 1)/n )^ ^ + AY T(rM)l l Wn>i) > 1} j . 
Then a? = E{Q{l0)\F {i _ x)/n ) and bf = E{Q (10) 2 |^ {i _ 1)/n ) have 
(4.28) fl - = tw( ^ 1)/B )^(| + ( 1 _ e -^), 



Cu 2 ci 2 (d 2 

K < ™ 2 +E(AY$ (n!i)l ± {K{n>i) > 1} \F {i _ 1)/n ] 



(4.29) 



V n 



In particular, \af \ < g M^lK^Jl ^ so (2.8) holds with £ n = C ^^+I^^D 

and ^ = (1 + ^ a ): these quantities go to in Cases 1, 2b and 3a, and 

they are always bounded: hence, the result for j = 10. 

Next, consider j = 11. We apply Lemma 4.4, in which we set H2 = 
g(Xu_iy n )AYr 1 , so that (4.5) is satisfied and Cf(H) = u nH' 2 t[K>2}- Then 
using (4.6) and (4.8), and also (4.11) [resp. (4.9)] if a < 1 (resp. if a > 1) 
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for H' 2 and summing up over r' > 2, we get that when a < 1, the sequences 
(CP (11)) satisfy (2.9) with 

(4.30) 

In Case 3a (resp. 2a) we have £ n — > and ^ y — > and also £ n — ► (resp. 
£n <C): hence, the result for j = 11 in Cases 2a and 3a. In Cases 2b and 3b 
we still have (4.30) but, for symmetry reasons, we may take £ n = 0: hence, 
we also get the result in Cases 2b and 3b. 

Now consider Case 1. The estimates (4.30) are not fine enough and we 
have to resort on another method. The £™(ll)'s satisfy (2.15) with ^ n = 
M ri Ay r ( nii ) 1 Ay T ( nii ) 2 l{ X ( n i )>2}. So to obtain the result it is enough by 

Lemma 2.8 to prove that if I' t n = Yh3i Cf\ then If -> in law. Then by 
Lemma 2.5 it is enough to prove that the sequences (Cf 1 ) satisfy (2.9) with 
(2.10). By construction |( 4 /n | is either [with probability a n = e~ An (l + X n )] 
or bigger than tt n /3^, the latter with probability 1 — a n . Further, u n f3 2 — > oo 
in the present case, so (2.9) holds with £ n = £' n = and ^ = n(l — a n ) for 

all n large enough. Now n(l — a n ) ~ — > by (3.13), so indeed we get the 
result for j = 11 in Case 1. 

Finally, consider j = 12. Since \Q{12)\ < ^M\AY TMl \ 2 t {K{riyl) > 1} , 
we readily get 

E(\cmWa-iyn) < ^jP(k > i) < 

Then (2.7) holds with £ n = Cu n \d n \/n and we deduce the result for j = 12 
from (3.13). 

4.9. Step 9: j = 13, 14. First consider for j = 13. We have 

r=2 °\P n ) 

Therefore, we have (2.8) with £ ra = C\ n \d' n \ and g n = C(c n + A„) [use (4.12)]. 
Then (2.11) always holds, and (2.10) holds except in Case 2a: hence, the 
result for j = 13. 
Finally, we have 

A A 1 (\ — p~<M 



n n\ r 
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_b' d' n l-\ n -e- Xn 
n n X n 

E(C(U) 2 \^i )/n )<c(^ + -). 

K " \n z n J 

Therefore, we have (2.8) with = C(l + \ n \d n \) and £' n = C(l + d 2 n /n). 
Then (2.10) holds in all cases, and the proof of Lemma 4.1 is now complete. 

5. Proofs of the theorems. 

5.1. Proof of Theorem 1.1. By virtue of Corollary 2.3, we can deduce 
Theorem 1.1 from the tightness of the sequence {Y ,u n W n ) under Hy- 
pothesis (Hl-a), with our choice of u n and j3 n . For this, in view of (3.15), 
it is enough to prove the tightness of the sequence of fourteen-dimensional 
processes ((r n (j)i<j<i4) n . But this readily follows from Lemmas 2.5 and 
4.1, and Theorem 1.1 is proved. 

5.2. Proof of Theorem 1.2(a). We suppose here that Hypothesis (H2-a) 
holds with a > 1 (in particular, we are in Case 1). In view of Lemma 4.1, of 
(3.15) and of Theorem 2.2, for obtaining Theorem 1.2(a) it suffices to prove 
that the sequence (r n (14), T n {9)) converges in law to (Y,W), where W is 
given by (1.7) and V is a Levy process independent of Y and characterized 
by (1.8). 

Observe that Cf(9) satisfies (2.15) with Cf = u n AY TU)l M^ l n t {K{n>i) > 1} . 

Let rf = El3 Cf • In view of Lemma 2.8 [applied with rjf = Q (14)], it is 
then enough to prove that the pair (r n (14)i, T'") converges in law to (Yi, Vi), 
where V\ is independent of Y\ and having (1.8) (for t = 1). In other words, 
if we denote by c/) n the characteristic function of (r™(14)i, T"), and by <&(«) 
and ty(u), respectively, the right-hand sides of (1.2) and (1.8) written for 
t = 1, it suffices to prove that for all u,v6l, we have 

(5.1) -►$(«)¥(«). 

Using (3.17) and (4.25), we get 

1 — p^ A »i r . , A n 

+ / F(dx)e tux+Zn( - X ' v ) I 

KPri) J{\x\>/3 n } J 

where 

z n (x,v) = - [ F{dy){e ivu - x y - 1 - iuv n xy). 

This is similar to Section 4.7, where z' n i plays the role of z n here and, in 
particular, 

(5.2) \z n (x,v)\ < C-u*\v\ a \x\ a . 



<t>n{u,v) 
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We can rewrite (f) n as 

(5.3) <j> n (u,v) = e iuu ^(l + ^(A ri ( U ) + B n (v) + C n (u,v))y, 

where a n = — f — - and 

A n (u) = [ F(dx)(e iux -1), 

J{\x\>Pn} 

B n (v)= [ F{dx){e z ^ -1), 

J{\x\>Pn} 

C n (u,v)= ( F{dx){e iux -l)( e ^(^) - 1). 

J{\x\>Pn} 

Combining (5.2) and \e tux — 1| < \ux\, and since x i— ► is -F-integrable, 

we first get \C n (u,v)\ < C^\u\\v \ a u", hence, 

(5.4) C n (u,v)^0. 

Second, fiu^px F(dx)(e lux — 1 — iux) converges to Jriu^, F(dx)(e lux — 
1 — iux), while d n = b' — d' n , hence, 



A n (u) + iud n ->• iub' + / F(dx)(e lux - 1 - iux) 

(5.5) 

= iub+ I F(dx)(e lux - 1 - iuxl{\ x <iy). 



Third, with K(dx) = § ((^ + 9 2 _ )t {x>0} + 26 + 6^1 {x<0} ) dx, we want 
to prove that 

(5.6) B n (v) /" K(dx)(e iux - 1 - iux). 

We have J3 n (u) = B^(«) + B'^(v), where 

B» = / F(dx)z n (x,«), 

S»= / FCdxJCe*^")- l-^(z, «)). 

-/{N>/3„} 



Using again (5.2) and the fact that F has compact support and integrates 
x i ► | x 

other hand, B' n (v) = J K n (dx)(e lvx — 1 — ira), where 



2a , we readily see that |JB^(«)| < C\v \ 2a ^r, which goes to 0. On the 



K n (A) = - f F(dx) [ F(dy)l A (u n xy). 

nJ{\ x \>i3 n } J{\y\<3n} 
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Therefore, by Theorem VII. 3. 4 of Jacod and Shiryaev (2003), (5.6) will follow 
from the fact that K n {h) — > K{h) for h equal either to h w = l( Wl oc) for w > 0, 
or h' w = If-oo _«,) for w > 0, or h'(x) = x 2 l { \ x \< l} , or h"(x) = xl { \ x \ >1} . 

Let us first consider h = h w for some w > 0. Since u n [3 2 — ► oo here, for n 
large enough, K n (h w ) is the sum of 7„ = ± S{ x> p n } F (dx)F((^, (3 n ]) plus 
another similar term j' n corresponding to the integrals over the negative 
half-axis. Further, „ ™ „ — > uniformly in x > /L when n — > oo, therefore, 
we have 

7n~-/ F{dx)^- ±^log — 



nj{x>/3 n } w a w a n (3 n 2w a ' 

and, similarly, 7^ — > so K n (h w ) — > K(h w ). In an analogous fashion we 

find that K n (h' w ) converges to = K(h' w ). We can also write for n large 
enough, 

2 2 ,2 



K n (h') = - [ F(dx) [ F(dy)u 2 n x 2 y 

nJ{\ x \>f3 n } J{\y\<i/u n \x\} 

Ji\x >8„.\ 2 - a 



n J{\x\>M 

a 2 2 < 1 a9 2 
~ log — > — r = Kin ). 

2 - a n B f3 n 2(2 - a) y ' 

Finally, we have 

K n {h") = - [ F(dx) [ F(dy)u n xy 

nj{\x\>(3 n } J{l/u n \x\<\y\<p tt } 

~- / F{dx)^^u«\x\ a 
nJ{\x\>p n } a-1 

~ log > —, r = K(h ). 

a-1 n & (i n 2{a - 1) v ; 

At this stage we can combine (5.3) with (5.4)-(5.6) to get that <f> n {u,v) 
converges to 

exp (iub + J F(dx)(e tux - 1 - iuxl^ x <±y) + J K(dx)(e iux - 1 - iuxt^ x ^) 

which is &(u)*S>(v), and we are finished. 

5.3. Proof of Theorem 1.2(b). We suppose here that Hypothesis (H2-a) 
holds with a = 1 (in particular, we are in Case 2a). In view of Lemma 4.1, 
of (3.15) and of Theorem 2.2, for obtaining Theorem 1.2(b), it suffices to 
prove that the sequence (Y ,r n (io) +T n (ll)) converges in probability to 
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(Y,W), where Wt = — ^- Jq g(X s _) ds. Since we already know that Y n — > Y 
(pointwise for the Skorokhod topology) and since W is continuous, it is 

enough that U n (10) + r n (ll) 4 W. 

The sum Q*(10) + CP(11) satisfies (2.15) with Cf = Cf(10) +C(H), where 

Ci ( 10 )-^2- + -^ Ay T(n,i) 1 l{X(n ! i)>l}, 

C' n (ll) = u n^YT{n,i)t^T{n,i) 2 ^{K{n,i)>2}- 

So by virtue of Lemma 2.8, it is enough to prove that if T' t n (j) = 2~^j=*j C' n (j)) 
then 

(5.7) r /?l (io) 1 +r , "(ii) 1 4-^. 

First, if an = S(C(10)|^ (i _ 1)/n ) and b n = £(#»(10)|.F (i _ 1)/n ) (which here 
are nonrandom and independent of i), then a n is given by (4.28) and b n sat- 
isfies (4.29), after replacing the function g by 1. So in view of (3.14) and of 
d n = b' — d' n , we get na n — > — ^- and nb n — > 0. Since E((T'- n (10)i — na n ) 2 ) < 
nb n , we get 



(5.8) r /n (io)i^-V- 



2 



Let us use Section 4.8 again: upon replacing once more g by 1, we see that 
the sequences (Cf(H)) satisfy (2.9) with (4.30), hence, £ n -> and C, y -> 
and £n<C- So if a n = £ , (C- n (ll)l{|^"(n)|<i}|^(i_i)/ n ) (again nonrandom 
and independent of i), and applying Lemma 2.7, we see that the sequences 
(Ci n (H) — a n ) also satisfy (2.9), with new sequences £ re , £^ and y all going 

to 0. Hence, Lemma 2.5 implies 2~Zi=i(Ci n (ll) — a n) —> and, in view of (5.8), 
it remains to prove that 

(5.9) na n ^— . 

By (3.17) it is clear that 

na n ~ — / xF(dx) / yF(dy) 

2n J{\x\>p n } J{Pn<\y\<i/u n \x\} 

2(logn)^V ./{W>/M J{\y\>l/u n \x\} 

for all n large enough, because F has a bounded support and u n f3 n — > 0. By 
(3.5), for any e > 0, there exists e' > such that | ~ ®'\ — e whenever 
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P G (0,O- Then we may write J { \ x \ >/3n} xF(dx) f { \ y \ >1/Un \ x \ } yF{dy) =x n + 
y n , where 

x n = xF(dx) / yF(dy), 

J{Pn<\x\<l/u n e'} J{\y\>l/u n \x\} 



y n = xF(dx) I yF(dy) 

J{\x\>l/u n e'} ./{|i/|>l/ix„|a:|} 

= / xd'( -^-r)F(dx). 

J{\x\>l/u n e'} \U n \x\J 



l{\x\>l/u n e'} 

First, if \x\ < —^7, then — — r > e' , so we have 

' 1 1 — u n e' ' u n \x\ — ' 



\Xn\ <C C F i 



xF(dx) 

{/3 n <\x\<l/u n e'} 



< C e ,p n < C e , logn. 



Second, if z n = J {]x \ >1/UnE , } F(dx)\x\ log(u n |x|) and z' n = J { \ x \ >1/Un£ > } F(dx)x x 
log(u n |:r|), we have \y n — 6' ' z' n \ < ez n . But (3.6) and (3.5) again imply that 

z n = (\ogu n )(d + (—\ +dJ-^-\) + f \x\log\x\F'(dx) 
\ \u n e' J \u n e' J J J{\x\>i/u„e'} 



(logu n )log(u n e') - ^(log(u n e') f 

~ ^(logn) 2 

and, similarly, z' n ~ %j-(\ogn) 2 . Hence, 

d n x n + y n 



na r 



2(logn) 2 2(logn) 2 2 2(logra)' 



and 2(iogn)3 is in between 2(\"o S n)2 and 2(lo g n^ ' wll ich respectively converge 
to ~ e A ~ 6e and to ~ e 4 +6>£ . Since e > is arbitrary, we deduce that (5.9) 
holds, and we are finished. 

5.4. Proof of Theorem 1.2(c). We suppose here that Hypothesis (H2-a) 
holds for some a £ (0,1], as well as Hypothesis (H3), and also Hypothesis 
(H4) if a < 1 (so we are in Cases 2b or 3b). In view of Lemma 4.1, of (3.15) 
and of Theorem 2.2, it suffices to prove that the sequence (r n (14), r n (ll)) 
converges in law to (Y,W), where W is given by (1.7) and V is a Levy 
process independent of Y and characterized by (1.10). 

1. Note that if 

[nt] 

(5.10) rf = ]T C where Q = u n AY TMl AY T{nyl)2 t {KM > 2} , 

i=l 
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[nt] 

(5.11) Z t n = J2v? where rj? = AY T(rM)l l WrM) > 1} , 
i=i 

then first Cf( n ) satisfies (2.15) with Cf as above, and T n (14) - Z n con- 
verges locally uniformly in time to bt (because d n = b here). So in view of 
Lemma 2.8, it is enough to prove that (Zf,! 1 '™) converges in law to (Zi,Vx), 
where Z% = Yt — bt. 

2. For each n the variables (rjf , C ? ' n )i>i are i-i-d- centered, and we denote 
by K n their law, which is given by 



V\Pn) J{\x\>f3 n } 



+ 1 ^Tv^ I F ( dx ) f F(dy)l A (x,u n xy). 

Since the two processes Z and V are independent Levy processes, they have 
no common jumps and, further, the jumps of Z are the same as those of Y: 
so the Levy measure K of the pair (Z, V) is 

K{dx,dy) = F(dx)e (dy) + ^-e (dx) dy. 

Observe that (Z,V) has no drift and no continuous martingale part. 

By virtue of Theorem VII. 3. 4 of Jacod and Shiryaev (2003), for the con- 
vergence in law of (Zf,r' 1 n ) to (Zi,Vi), it is enough to prove that 

(5.12) nK n {h)^K(h) 

for all h which are continuous bounded and vanish on a neighborhood of 0, 
and also for h = h u ,h' u ,h'l, where h u (x,y) = x 2 l^ x 2 +y 2 <u y and h' u (x,y) = 
+y 2 <u} an d h"(x,y) — xyt{ x 2 +y 2< u y, for almost all u > (for Lebesgue 
measure). Since both K and K n are invariant under the maps (x,y) \— > 
(—x,y) and (x,y) t— > (—x,y), it is even enough to prove (5.12) for h u , h' u , 
h'u, and also for h uv (x, y) = ln x \> u \ y \> v } f° r an u,v £ K + such that (u, v) ^ 
(0,0). 

We begin with (5.12) for h UjV . For u > 0, we have as soon as f3 n < u, 
nK n (h u , ) = ^^g(n-) + n 1 ~ e "^ 2 +A " ) / F(dx)9(f3 n ), 

6{Pn) v(PnY J{\x\>u} 

where 9{u—) denotes the left limit at point u of the decreasing and right- 
continuous function #(•). The last term above is smaller than C u 9(f3 n )/n, 
which goes to as n — ► oo, and the first term converges to 0{u—) = K(h Ut o), 
so (5.12) holds for h U Q. 
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Next, if u > and v > 0, we have as soon as (3 n < u (recall that u n = l/f3 n 
here) , 

nK n (h^ v ) = n l ~ e ~^}\ + Xn) I F{dx) f F(dy) 
V{PnY J{\x\>u} J{\y\>p n ,\y\>p n v/\x\} 



n 

which again goes to 0: so (5.12) holds for h U)V . Finally, if v > 0, we have as 
soon as n < v, 

nK n (h , v ) = n 1 ~ e """ ( | 2 +Aw) / F(dx) f F(dy) 

(5.13) 



F(dx) / F{dy). 
2n J{\x\>f} n } J{\y\>Pn,\y\>l3nv/\x\} 

Let e > 0. By Hypothesis (H2-a) there exists e' £ (0,t>) such that \[3 a 6{(3) - 
9\ < e for all [3 £ (0,2e']. By (5.13) we see that nK n (ho tV ) ~ x n + y n + z n , 
where 

x n = ^~ [ F(dx) [ F(dy), 

Vn=7T I F ( dx ) I F (^)> 



— / F(dx) / F(dy). 
In h\ x \>v\ J\\v\>0„\ 



2nJ { \ x \ >v} J{\y\>/3 n } 
Using Hypothesis (H2-a) again and (3.2), we get 

(5.14) z n <a m) 



V J 

n 



C f 

x n < -r, / \x\ a F(dx) 

n(3%V a J{f3 n< \ x \<vp n /e'} 

(5-15) =-^/ y^iWPn )(dy) 

np%v a Jo 

< 7TZ 1 + log - < 



Finally, if y' n = 2n / g ^ !{ v p n / e <\x\<v} \x\ a F(dx), we have y' n (l - e') < y £ n < 

y'n( 1 + £ ')- But V'n = 2n/3%v<* ip(Pnv/e) -p{v)), which is equivalent to 2r ^ va log ^ 
by (3.5). Putting this together with (5.14) and (5.15), and since e is arbitrar- 
ily small, we deduce that nK n (ho tV ) is equivalent to 2 np a v a 2n(3 • Then, 
clearly, nK n (ho tV ) converges to J^-, which equals K(ho )V ). 
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It remains to prove (5.12) for h u , h' u and h!' u . First, because of Hypothesis 
(H3) we have K n (h£) = and K(h£) = 0. Next, 

nK n {K) = I x 2 F{dx) 

i_ e -A„n+A n ) 



+ n- 



0(Pn 



|2 



x 2 F(dx) / ; F(dy). 

{/?„<M<vM J{/3 n <\y\<fln^u/x 2 -l} 

The last term above is smaller than C6(/3 n )/n, which goes to 0, while the 
first term goes to fn x \<^\ x 2 F(dx), which equals K(h u ), hence, (5.12) holds 
for h = h u . Finally, we have as soon as (3 n < y/u, 

7^ fu \ 2 l-e- A " (l + A n ) 
nK n (h u ) = u n n- 



x 2 F{dx) [ ; y 2 F(dy) 

{/3„<\x\<^/u/2} J{^<\y\<P n yJu/x 2 -l} 



x 2 c((3 n \/u/x 2 - l)F(dx) 
2n J{p n <\x\<J^/2} 



2?) 



x z F(dx). 

{P n <\x\<Ju/2} 



The last term above is smaller that Cu^c n /n, which goes to 0. In view of 
(3.3), the first term is equivalent to 

UnPn ^ 1 x 2 ( ^ - 1 ) F{dx) 



2(2 -a)n J {p n <\ x \<J^/2} 



x^ 



n 



\x\ a F(dx) 



2(2 -a)n 6 V/W 

which converges to at ^^-a)^ ' wn i cn i n turn equals K(h' u ): we are thus 
finished. 



2(2 -a)n J {p n <\x\<^/2} 

uZa 2 e 2 uV- a )/ 2 ( 1 
■log 



Remark 5.1. When Hypothesis (H2-a) holds for some a £ (1,2) and 
also Hypothesis (H3) holds, one could prove part (a) of Theorem 1.2 by 
the same method as above for (c): we have, of course, the same u n = 
(re/ logra) 1 /", but instead of j3 n = log n/n l l 2a , one could take f3 n = (logn/ji) 1 /' 
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as in Cases 2b and 3b. Then in Lemma 4.1 one obtains that T n (j) goes to 
for j = 9, but not for j = 11. 

5.5. Proof of Theorem 1.2(d). Now we assume Hypothesis (Hl-a) for 
some a < 1 (i.e., Case 3a). In view of Lemma 4.1, of (3.15) and of Theo- 
rem 2.2, for obtaining Theorem 1.2(d) it suffices to prove that the sequence 
(r n (14),r n (10) +T n (12)) converge in law to (Y,W), where W is given by 
(1.11), which can also be written as 

W t = d J2 MXR n - + *Y Rn f(X Rn -))-f(X Rn -)]$ n 

n : R n <t 

(5-16) + f(X Rn .)f'(X Rn .)AY Rn (l - U)) 

+ ^ f f{X s _)f'{X s _)ds. 
2 Jo 

1. We have tf(10) = Cf(10) + ^(10), where <f (10) = u n g(X { ^ 1)/n )£, 
and 

C' n (10) = U n g(X(i-l)/ n )— A>r(n,i)il{if(n,i)>l}- 

Set rf = EHC(IO) and T'[ n = Ed Cf n ( 10 )- Observe that d 2 , 
hence, a simple Riemann approximation of the Lebesgue integral shows the 
following convergence, locally uniform in t: 

(5.17) r'«(10) t 4^ fgiXs^ds. 

2 Jo 

Therefore, it is enough to prove that the pair (r n (14),r //n + T n (12)) con- 
verges in law to the pair (Y,T'), where V is the first term in the right-hand 
side of (1.11). 

Set a n = u n d n /n. We can write T" n + T n (12) = a n T n , where T™ = Cf 
and 

C = (G(X (i _ 1)/n , AY T{n>i)l )(i - nT(n,i)i) 

(5.18) +g(X (i _ 1)/n )Ay T(nii)l (reT(re,i)i -* + l))l{ir( n ,i)>i}- 
We also write V = dT, where [cf. (1.11)] 

T t = J2 ([f(X Rn - + AY R J(X Rn .))-f(X R ^Mn 

n : R n <t 

(5.19) 

+ g(X Rn -)AY Rn (l-^ n )). 
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Since a n — > d, it remains to prove that (r n (14),r n ) converges to (Y, V) in 
law. Observe also that d n — > d, so exactly as in Section 6, and if we set (5.11), 
it is enough to prove that (Z n ,T n ) converges in law towards (Z,T), where 
Z t = Y t - td. 

2. The presence of an apriori arbitrary function G in (5.18) makes things 
a bit difficult, and in the absence of a general theory to handle this case, 
we use a trick, pretending first that Xu_i\/n does not show up in (5.18). 
That is, with an arbitrary measurable bounded function lonRx [0, 1], with 
support in [— p,p] x [0, 1], which satisfies |Z(x,«)| < C\x\, we set 

[nt] 

r n (0* = ECf(0 

(5.20) 

where = l ( AY T(n,i) 1 ,nT(n,i) 1 - i + l)t {R{nti) > 1} . 

We will study the convergence of the pair (Z n ,T n (l)). In view of (3.17), 
the law K n of the pair {rftXf(P)) is independent of i and given by 

K n (h)=e- x -h(0,0) 
(5-21) i i 

+ _ f e ~*nu du f F{dx) [ h(x,l{x,u))du. 

n Jo J{\x\>(3 n } Jo 

Letting K be the measure on M? defined by 

(5.22) K(h)= J F(dx) J h(x,l(x,u)) du, 

we want to prove that nK n (h) — > K(h) [i.e., (5.12)] holds for suitable func- 
tions h. 

Suppose first that h is continuous and bounded and vanishes on a neigh- 
borhood of 0. Observe that since |Z(:c,u)| < C\x\, we have h(x,l(x,u)) = 
if < £ for some e > 0. In (5.21) the contribution of the first term to the 
right to nK n (h) is 0; as soon as j3 n < e, the contribution of the second term 
is 

\- XnU du [ Fidx) f 1 h(x,l(x,u)), 

J{\x\>e} JO 

which obviously converge to K(h) because A n — > 0: so we have (5.12). 

Now we take the function h(x, y) = xlji^^j,} for any given v > 0. In (5.21) 
the contribution to nK n {h) of the first term to the right is 0, and the con- 
tribution of the second term is 

e~ XnU du [ xF(dx), 

J{/3n<\x\<v} 
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which goes to K{h) again. The same argument works as well for the functions 
K x >y)=y 1 {\x\<v}, h (x,y) = x 2 t { \ x \< v} , h(x,y) = xyt { \ x \< v} and h(x,y) = 
y 2 ^-{\ x \< v } [here we do not truncate in y, since the argument y is replaced 
by the bounded term l{x,u) in (5.21)]. 

All this shows that, by using Theorem VII. 3. 4 of Jacod and Shiryaev 
(2003), the pair (Z n ,T n (l)) converges in law to a Levy process (Z,T(l)) 
with no drift, no continuous part and Levy measure K, and also has (UT) 
by Lemma 2.1. 

We can, of course, realize this pair (Z,T(l)) as follows: we first take Zt = 
Yt — dt (so this is in accordance with our previous notation), and we label 
the jump times of Y as Ri,R2, ... [as in (5.19)]. Then we define, possibly on 
an extension of the space, a sequence (£ n ) of i.i.d. variables, independent of 
Y , and uniform over [0,1]. Then we set 

(5-23) r(0*= £ l(AY Rn ,£ n ). 

n : Rn<t 

Observe that T(l), as well as Y and Z, has finite variation over finite inter- 
vals. 

3. We will apply the preceding results to the functions I = l y defined by 
l y (x, u) = G(y, x)(l — u) +g{y)xu: we call T n (y) and T(y) the processes T n (l y ) 
and r(l y ), and write also Cf{y) = CPGy)- If we Pi°k finitely many arbitrary 
points yj, not only do we have the convergence in law of (Z n ,T n (yj)) to 
(Z, T(yj)) for any given j, but one could prove in a similar way that we have 
the convergence of (Z n ,T n ( yi ), ... ,T n (y k )) to (Z,T( yi ), ... ,T(y k )), with the 
same sequence £ n in the definition of all r(yj)'s: one just has to put any 
finitely many functions Vs in (5.21) and (5.22) to see that everything works 
out the same way. This, of course, gives the convergence for an infinite 
sequence of y^'s. 

So we pick a dense sequence y k . By the Skorokhod representation the- 
orem we can find another probability space on which new processes still 
called (Y,Z,T( yi ),...,T(y k ),...) and (Y, Z n ,T n ( yi ), . . . ,T n (y k ) . . .) are de- 
fined and have the same law as the original ones and, further, (Z n , T n (yi), . . . , T n (y k ) . . . ) 
converges pointwise for the Skorokhod topology on B(R + , 1R N ) to (Z, r(yi), . . . , 
T(y k ), . . .). On the new space we still have the representation (5.23) for all 
T(y k ) with the same sequence Furthermore, on the new space we can 
solve our equation (1.1), having a solution X, and redefine Q by (5.18) and 

= Y^i=\_ Cf : here Y has locally finite variation, so the nitrations play no 
role at all. So we have Q = l X{i _ iy S^ Y T{n,i)v n Si)t{K{n,i)<i}- 

Now the functions y i— ► l y (x,u) are continuous, and even much more. 
Namely, we have 

/ \ f\lv(x,u) — Li(x,u) » ,, , >, 

w K (e) := sup lvK — j I ' :y,y'e K, y - y'\ < e, 

V 1 2/1 
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x£ [-p,p],u€ [0,l]j -+0 

as e —> for any compact set K. Let us first pick a point u in the event 
space and a time t > 0, then a compact K containing the path of X over 
[0, t], and an e > 0. We can find a finite subdivision to = < t\ < ■ ■ ■ < t k = t 
and points yj S K, such that \X t — yj\ <e for all t E [tj—i,tj). Set J(n,j) 



[tj-i,^)}. If i G J(n,i), we have |Cf 
follows that for all s <t, 



Cnyj)\<^K(e)\AY Sl \- It 



(5.24) ry-EO^Cw 

Similarly, if we set 

(5.25) r t 



sAti 



<w K (e)J2\ AY r\- 

r<t 



J2 l XRn- 
n : Rn<t 



(^Y Rn ,U n ) 

[i.e., r is defined by (5.19), on our new space], we get for all s < t, 



(5.26) 



sAU 



sAti 



<w K (e)^2\AV r \. 

r<t 



At this point, it suffices to use that (Z n ,T n (y k ), . . .,T n (y k )) -> (Z,T(y k ), . . . , 
T(y k )) for the Skorokhod topology to obtain that the upper limit of the 
Skorokhod distance between (Z n ,T n ) and (Z,T) over [0,t] is smaller or equal 
to WK(£)J2s<t \ AY s\ < oo. Since wk{e) — > as e — > and since J2s<t \ AY s\ < 
oo, we conclude that for our particular point u we have (Z n ,T n ) — > (Z, T). 

This works for all points w. Going back to the original space, this clearly 
implies that indeed (Z n ,T n ) converges in law to (Z,T), and we are finished. 
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